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Direct Fourier Synthesis of Waves:
Application to Acoustic Source Radiation

Sébastien M. Candel* and Come Crancet
Office National d’Etudes et de Recherches Aérospatiales, Chatillon, France

In numerous situations of current interest in aeroacoustics the sound field propagates in a nonhomogeneous
medium. This is typically the case of jet noise radiation. A widely used model in that situation consists of a thin
vortex sheet separating two uniformly moving fluids. This model msay be treated as a layered medium, and ~
acoustic source radiation may be analyzed by Fourier transform techniques. The inversion of the Fourier
solution is however difficult and requires far-field approximations. This difficulty is here avoided by con-
structing the wave field by direct Fourier synthesis. This method was shown, in a previous work to be fast,
reliable, and superior to the standard approximations. It is applied here to source radiation in the vicinity of a
vortex sheet separating uniformly moving streams. Complete wave field maps are given for subsonic and
supersonic flow combinations, providing new insights on jet noise radiation and refraction in open wind tunnels.

Nomenclature
¢ =sound speed
C  =characteristic lines
G  =line source field in free space
Jy  =Bessel function of order zero

H] =Hankel function of order zero satisfying the radiation
condition at infinity

h  =source-interface distance

i =complex number, v —1

k  =wave number

L =spatial extension of the calculation domain

M  =Mach number
N =number of points used in the discrete Fourier

transform
D  =pressure ‘
p  =Fourier transform of pressure

U =mean-flow velocity

x,z =Cartesian coordinates

a  =spatial frequency, argument of Fourier transform
a;, =branch points of v;(j=1,2)

v; =defined in text by Eq. (10)

6( ) =delta function

§; =defined in text by Eq. (11)

Ax =spatial sampling period

Aa =elementary spatial frequency filter

n  =interfacial displacement

O =polar angle measured with respect to the x axis

N =wavelength

w  =angular frequency

Subscripts

*  =reduced (dimensionless) quantity

J =subscript used to distinguish variables pertaining to

region 1 (z<0) and region 2 (z>0)

I. Introduction

N a recent Note! we showed that it is possible to solve a
large number of wave propagation problems in stratified
media by direct Fourier synthesis (DFS). With this technique
it is possible to avoid the difficult or approximate com-
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putations of the standard analytical methods. In addition the
solution obtained is exact except for errors associated with
spectral aliasing. The power and efficiency of the DFS was
clearly demonstrated in Ref. 1. We shall here apply this
method to one of the fundamental problems encountered in
aeroacoustics, that of sound source radiation in the vicinity of
flow discontinuity. We specifically consider three con-
figurations (Fig. 1). In the first case the source is embedded in
a uniform flow of Mach number M, and radiates toward a
medium at rest (Fig. la). This configuration may be used to
model noise radiation from a fixed point in a freejet toward
the ambient atmosphere (Fig. 1b). The second case (Fig. 1c) is
that of a sound source radiating from a medium at rest toward
a uniform flow. This situation is not often encountered in
practice but it was found to be useful, for example, in an
experimental analysis? of refraction effects in an open wind
tunnel (Fig. 1d). The third case (Fig. le) is that where the
source is in a uniform flow of Mach number M, >0 and
radiates toward a second medium flowing in the negative
direction with a Mach number — M, <0. This last case may be
used as a schematic model of convective effects arising when a
sound source moving at a Mach number M, radiates from a
freejet of Mach number M, +M, toward an ambient at-
mosphere at rest (Fig. 1f).

One interesting feature of the DFS is that it may be applied,
with some precautions, to situations where the flow is
supersonic. We shall see that the specific properties of such
flows, such as the appearance of characteristic lines,
discontinuity of the wavefield across the characteristic lines,
and modification of the far field radiation condition, are
correctly retrieved by direct Fourier synthesis of the
wavefield.

It is now worth reviewing some of the numerous studies
dealing with the problems we have just defined. The first
analysis of the configurations sketched on Figs. la and ¢
seems to be due to Gottlieb.? The solution was obtained by
applying a Fourier transformation in the direction parallel to
the flow and then using the method of stationary phase to
invert the final Fourier integral. This last operation was
performed by first writing the phase appearing in the integral
in terms of polar coordinates. The polar coordinates’ origin
was taken to be the point of the interface situated upright
from the source. Now we show in Ref. 1 that this choice
essentially determines the quality of the stationary phase
approximation. Indeed, the straightforward choice made by
Gottlieb (and by many authors) leads to results that are not
quite satisfactory: a region is formed where the field am-
plitude decays exponentially, the wavefield is discontinuous
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Fig. 1 Geometries of the problems treated and corresponding real
configurations.

on the boundary of this region, and the wavefronts exhibit an
inverted curvature near that boundary. The most visible
consequence is that the radiation diagrams computed have
cusps and abrupt discontinuities. These difficulties may be
avoided by a suitable choice of the polar coordinate origin
(see Ref. 1).

In a more recent study of great elegance, Ffowcs Williams*
considers noise production at the edge of a steady flow. The
radiation patterns obtained are similar to those of Gottlieb,
and Ffowcs Williams notes that the sound field is determined
in an essential way by the discontinuous structure of the
flowfield. The radiation diagrams here too have cusps, and
one notes that for supersonic flow velocities acoustic
radiation is very nearly omnidirectional except for a reduced
region of silence situated downstream. The calculated sound
distribution is compared to the observed sound field of a
helium jet exhausting from a nozzle at a Mach number
M;=4.3 and only limited agreement is reached. In the
Schlieren image of the sound field, radiation in the upstream
region is not important and the region of silence predicted is
not observed. ,

Another interesting study of radiation problems in the
presence of velocity -discontinuity is that of Howe.’ His
analysis is based on the principle of conservation of energy
but a far-field approximation is also needed. The results
obtained while of greater generality do not differ from those
found by application of the method of stationary phase.

A very pertinent study is that of Mani.® This author
considers in great detail the influence of flow on noise
radiation from a jet. The problem is treated in cylindrical
geometry and a Fourier transform is first performed in the
axial direction. The method of stationary phase is used in the
final step and yields analytical expressions for the far field.
For an angle of observation © such that 0=©=cos~!
(1/1 + M) the sound field amplitude decreases exponentially.
The decay rate increases with frequency, and as a consequence
discrepancies arise between theory and experiment at Strouhal
numbers greater than or equal to one (for example, Figs. 7d
and 10d of Ref. 6). :

The previous studies consider essentially monochromatic
source radiation. Transient problems are analyzed in par-
ticular by Friedland and Pierce,” Howe,® Jones,® and
Chao.!® These authors are mainly concerned with the in-
stability wave that arises in the transient problem. An in-
teresting technique is used by Chao!© to invert the space-time
Fourier transform. The technique is an extension of
Cagniard’s method but the computation of the transmitted
wave still requires the method of stationary phase.

In most of the studies cited one finds the same difficulties
arising from the  classical application of far-field ap-
proximations. These difficulties are avoided when the
wavefield is computed by direct Fourier synthesis. !

For simplicity we consider a two-dimensional geometry like
Gottlieb,? Ffowcs Williams,* and Howe® but note that the
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cylindrical problem formulated by Mani® may be solved with
no difficulty by DFS. For completeness a mathematical
analysis of the problem is given in Sec. II. Section III gives
some practical details on the DFS, and Sec. IV presents results
for subsonic configurations. Section V deals with acoustic
radiation of a source placed in a uniform supersonic stream.
This classical problem is treated to demonstrate that the DFS
may be used in a situation where the propagation equation is
hyperbolic. Supersonic configurations are then examined in
Sec. VI.

II. Formulation of the Problem

The formulation of the problem is similar to that given by
Gottlieb. We consider a line source of amplitude 4= placed at
z= —h in a uniform stream (region 1) of Mach number M/,
sound speed c;, and density p,. The plane z=0 separates
region 1 (z<0) from region 2 (z>0) where the Mach number
is M,, the sound speed c,, and the density p,. We only
consider monochromatic waves having a common factor
exp(— iwl).

The wavefield is then the solution of convected wave

" equations in the two half spaces:

'

(I_Mi )pxx +pzz +2ik1M1px +kip
= —476(z+h)d(x), z<0 1)
(I—Mg )pxx +pzz +2ik2M2px +k3p=0: >0 (2)

where k;, =w/c; and k, =w/c,.

Matching conditions at th¢ z=0 plane are obtained by
specifying that pressure and normal displacement » are
continuous across the interface

p(x)0+)=p(x)0—- ), n(x)o+)=1’(x’0— ) (3)
where the normal displacement is obtained from the linearized
momentum equations

. 3\2 1 dp
, (—lw+U1 6x) 'q(x,o_)-——; oz (x,0_) “)
. 4 \?2 1 ap
(—lw+U25€) n(x,0+)=—;2— E (x,0+) (5)

The wavefield must also satisfy a radiation condition at
infinity. If the motion is subsonic, this condition is similar to
that given by Sommerfeld for a medium at rest (see, for in-
stance, Ref. 11). In-a supersonic stream a different condition
applies. 1112

The previous problem may be solved by Fourier methods.
We define the transforms p; («,z), p;(e,z) of the field in
regions 1 and 2 by

p(x,2) =[p; (a,2)e™da for j=1,2 6)

The transformed problem then is written

d?p; . .
dz2 -—-yjp:—-za(Z'f'h) fOI'_]=1,2 (7)
b1 (a,0_)=p,(a,0%) ®
1 dp,; 1 dp,
_ ,0_ = — (e, 0 =9 9
ot ae 0T g g (07O
where

vi=U-M2)a? +2Mk,a— k21 %, j=12 (10)



292 S.M. CANDEL AND C. CRANCE

and
8 =k;—M;a, j=12 an
v, and vy, each have two branch points situated at
ki k;
L= and o, = — £l ,
RASRE FYY M’ 1-M,

Jj=12 (12)

It is necessary, therefore, to select a proper determination of
«v; and y,. The choice must be consistent with the radiation
condition at infinity and it may be guided by assuming that o
is complex, and by considering the integration path of the
Fourier transforms in the complex plane. It is also convenient
to assign to wave numbers k; a small positive imaginary part
-k;;. The branch points leave the real axis, a branch cut may be
defined in the complex plane (Fig. 2), and the determination
of v, is obtained by making use of arguments similar to those
given by Noble. I* For a subsonic stream the branch points are
in the first and third quadrant, the integration path is parallel
to the real axis, and it must be drawn between these two points
(Fig. 2a). Letting k; tend to zero one obtains Fig. 2b, and one
determination of v; in accord with Fig. 2b is

vi=U-M})% | (a—a;, ) (a—o; ) |

a<o;_ Or a>a;,

‘yj=i(1—1Wf) “ | (.05—0114. ) (a—a;_) | %,
Q- <aso;, (13)
For a supersonic stream both branch points are in the first
quadrant and the integration path is placed above these points
(Fig. 2¢). A consistent determination of v; is now
v=M=D" | (e ) (@—a;_) | %, o o<

v=iM} =" | (a—a;, ) (a—a;_) | %, o <a

yi=—i(MZ—1)% | (a—oyy ) (@—a;2) | 2, a<a;y (14)

Straightforward calculations then yield the solution of the

transformed problem Eqgs. (7-9) and an integral expression of
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Fig. 2 Integration path in the complex « plane and associated branch
cuts; a) and b) subsonic flow, ¢) and d) supersonic flow.
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the pressure field is thus obtained

exp[ — Z+h| +iax
p(x.z)=S pl=v:] ‘ ! da
Y1
ex —h) +i
—S Py, (2=h) +lax] da+Sexp['y,(z—h)+iax]
Y1
2p,c383
do, z=0 15
p1C383y2 +p,c5037, 1

p(xz2)= S expl —vy h—vy,2+iox]

2p,¢383

X o, 220 (16)
21658372 +p,¢3037;

The first two terms appearing in the expression Eq. (15) are
identified as the direct wave G, emitted by the source and a
reflected wave G;_ of same amplitude emitted in antiphase by
the source image. The two waves are convected at a Mach
number M;. In a subsonic situation (M; <1) these waves are
cylindrical and given by

G.. = +iT ex —ik;M,;x
=7 u-MH% 1-M;
k ,
XH{’[I—zlwi [x2+(z:|:h)2(1—M§)]/’} an

The form and character of these waves changes notably if
the stream is supersonic (M, > 1). It may be shown that '

+27 ik, M, x

G,. =
==0n-n7% Pl

k 2 _ 2 2_A ¥
xdo{ g 7 = (2= (M3 -1)1 %]

ifx2<(M?—1)(z+h)? and x=0
=0 ifxzs(1‘43—1)(2,:!:}1)‘2 orx=<0 (18)

The sound field G,, vanishes identically upstream of the
characteristic lines x= & (M3 —1) ¥ (z+h) issuing from the
source and a similar phenomenon is observed for the reflected
wave G,;_. We shall see in Sec. V that this behavior is
retrieved correctly by direct Fourier synthesis. The third term
of expression Eq. (15) and the only term of expression Eq.
(16) do not allow a simple evaluation. However, these two
terms are Fourier transforms and their synthesis may be
performed by making use of the fast Fourier transform
algorithm (FFT).

III. Direct-Fourier Synthesis: Practical Aspects

Following Ref. 1 we introduce a set of reduced variables
x,=x/L, z, =z/L, h, =h/L where L designates the spatial
extension of the calculation domain (‘‘the spatial window’?).
It is then natural to define the following set of reduced wave
numbers k;« =k,;L, ke =k,L, o, =caL. Expressions Egs.
(15) and (16) are not modified by this change of variables and
the asterisk may be suppressed. Now, evaluation of Eqs. (15)

and (16) is to be conducted with an N point FFT.

The spatial sampling period is then Ax=1/N, the
elementary spatial filter Ao =27, and the maximum spatial
frequency is, therefore, o, =(N/2)2w. Application of the
FFT algorithm induces various distortions, the main source of
error being spectral aliasing associated with the finite spatial
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Fig. 3 Source radiation in configuration Fig. 1a: M; =0.8, M, =0;
reduced wavenumbers, k,L =k, =100.52x), h/L=0.016. A ten
level gray scale is used in all figures. a) Real part of the field, the gray
levels represent the (— 1, + 1) interval, and b) modulus of the field, the
gray levels represent the (0,1) interval.
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frequency bandwidth.! It is also important to recall that the
Fourier transforms on the real axis must be interpreted as
Cauchy principal values in the vicinity of the branch points.
In discrete form this rule may be obeyed by placing the branch
points o, and «_ at the centers of sampling intervals. Now,
if k and M have given values at the outset, a slight change in
one parameter is required (for instance, if k=100.5 A« and
M =0.8 the branch points may be placed at o, =55.5 Ax and
the new value of k is 99.96 A).

1V. Source Radiation in Subsonic Situations

All the results presented have been obtained with a 2048
point Fourier transform. Only 256 points surrounding the
source are generally displayed. In all calculations the sound
speeds in regions 1 and 2 are identical and the reduced spatial
wave numbers are k;L =k,L =100.5 Ax. The corresponding
wavelength for a medium at rest is then such that
N/L=1/100.5 so that the calculation domain extends over
100.5 wavelengths. '

The first calculation (Figs. 3a and b) corresponds to the
configuration sketched on Fig. 1a. The source is in a medium
flowing at a Mach number M, =0.8 and radiates toward a
medium at rest (M, =0). The source-interface distance is
h/L=34Ax=0.016. The wavefronts emitted by the source are
convected in the positive x direction and form a family of
conjugate circles (Fig. 3a). The reflected wave amplitude is
more important upstream and a characteristic interference
pattern results from its combination with the direct wave (Fig.
3a). In the downstream direction the reflected wave is weak
and the direct wave dominates. In region 2 the transmitted
wave fronts are ovalized. Their shape allows the fronts to
propagate along the interfacial surface z=0 with the phase
velocity imposed in region 1. As a consequence, in the
downstream region where the reflected wave is weak, . the
wavefronts are ‘‘phase locked’’ and the transition across the
interface is smooth. Figure 3b displays the wavefield
modulus. Upstream and in region 1 the direct and reflected
waves interfere strongly and fringes are observed. In region 2
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Fig. 4 Source radiation in configuration Fig. 1b: M; =0, M, =0.8;
k;L=k,L=100.52x); h/L =0.016. a) Real part of the wavefield; b)
modulus, Gray scales are similar to those of Fig. 3.
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the transmittted wave has its maximum near the direction
cos “1(1/14+M,;)=56 deg. The transmitted field amplitude
changes smoothly, it diminishes in the rear arc near the in-
terface, and a stronger reduction is observed in the forward
arc. The results obtained here may be compared to
calculations based on the geometrical approximation'#!5
concerning axial sources in free jets. The wavefront shapes are
similar to those displayed on Fig. 3a. Radiation diagrams
obtained in Ref. 14 are also in qualitative agreement with the
structure of the transmitted wavefield of Fig. 3b.

The second configuration is of the type sketched on Fig. 1c.
The source is in a medium at rest (M, =0) and radiates toward
a moving stream (M; =0.8). Upstream and in region 1 the
direct wave dominates a weak reflected wave (Fig. 4a).
Downstream in the same medium the reflected wave am-
plitude is more important, especially for incidence angles
0<O=cos !(1/1+M,), and an interference pattern is
formed.Upstream and in medium 2 the wavefronts appear to
be nearly parallel. This may be explained by resorting to a
geometrical argument: near the interface the wavevector
direction in region 2 is such that cosOQ,=cos0,/(1 -
M, cos ©,) and, as a consequence, for incident wavevector
directions 130 <0, <180 deg, angle O, belongs to a reduced
interval 115<0, <123 deg. Then the wavefronts are nearly
plane and form an angle of 25-33 deg with the interface (Fig.
4a). In the same medium but downstream and near the in-
terface the wavevectors are essentially horizontal, and
correspondingly the wavefronts intersect the interface at right
angles. Looking now at Fig. 4b one notes that the contours of
equal amplitude are ‘“‘swept’” downstream by the uniform
flow in region 2. The field amplitude is reduced downstream
near the z=0 plane as a direct consequence of the strong
reflection occurring in region 1.

The third configuration is that of Fig. le. The Mach
numbers chosen are M; =0.32 and M, = —0.48 correspond-
ing to a situation where a source convects at M, =0.48 in a
flow of Mach number M, =0.8. The wavefield is observed in
the reference frame of the source. In medium 1 the direct
wave is convected by the flow in the positive direction. This
wave is predominant downstream and combines with a
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Fig. 5 Source radiation in configuration Fig. 1le: M,; =0.32; M, =
~0.48; k;L=k,L=100.5(27); h/L=0.016. a) Real part of the
wavefield; b) modulus. Gray scales are similar to those of Fig. 3.

2X/5,
4

a)
2X/4,,
0 2 4 8 10 12
0.0006
/L
= Q039
b) 0 X/L 0.062

Fig. 6 Source radiation in a uniform supersonic stream: M; =1.5;
kL =100.52%). a) Real part of the wavefield; b) modulus. Gray
scales are similar to those of Fig. 3.

reflected wave upstream (Figs. 5a and b). In medium 2 the
wavefronts. are quasiplane upstream (x=0) and nearly
cylindrical downstream (x<0). These features may be ex-
plained by a geometrical argument similar to that used for the
second configuration. One also notes the formation of a
directivity lobe near the z axis (Fig. 5b) and it is found that
refraction in this configuration is more important than in the
first case treated (Figs. 3a and b).

-0.062 ¢ 0062

b)

INTERFACE

¢ - z

Fig. 7 Source radiation in configuration Fig. 1la: medium 1 is
supersonic, M; =1.5, M, =0; k;L =k,L =100.52x); h/L =0.016. a)
Real part of the wavefield; b) modulus; c) sketch of the field structure.
Gray scales are similar to those of Fig. 3.

V. Source Radiation in a Uniform Supersonic Stream

Before dealing with situations involving a shear layer and
supersonic streams it is worth showing that the DFS correctly
retrieves the sound field of a source radiating in a uniform
supersonic stream. In that situation the wavefield has the
form Eq. (18) given in Sec. II. [Note: this field is of im-
portance in unsteady potential flow theory and aeroelasticity
(see, for example, Miles!?).] Consider a source placed at the
origin (hA=0), the sound field vanishes in the region situated
upstream of the characteristic lines C, and C_ issuing from
this point. Between C, and C_ the modulus varies like a
Bessel function of zeroth order and the lines of constant
amplitude are hyperbolas x? — (M? —1)z2 = C asymptotic to
C, and C_. On the characteristics the field modulus. is
constant and equal to2n/(M? —-1) %,

These features are indeed obtained by direct synthesis (Figs.
6a and b). The characteristic C is well defined. At its left the
field amplitude is weak and of the order of 0.1. The maximum
amplitude is reached on C, and has the expected value
27/ (M?-1)%=5.6. Now, as a consequence of spectral
aliasing, the field amplitude does not vanish upstream. By
increasing the size of the Fourier transform this error may be
reduced. However, its relative magnitude (of about 1.5%)
appears already suitable, and we kept N=2048 to economize
CPU time.
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Fig. 8 Source radiation in configuration Fig. 1a: the two streams are
supersonic, M; =2, M, =1.2; k;L=k,L=100.5Q2x); h/L=0.016.
a) Real part of the wavefield; b) modulus; c) sketch of the field
structure, Gray scales are similar to those of Fig. 3.

The structure of the real part of the wavefield deserves
some additional comments. One distinguishes on Fig. 6a
successive wavefronts emitted by the source and convected by
the flow. Because the stream is supersonic these fronts are
tangent to C_, and fronts of equal phase intersect and form
regions of higher amplitude while fronts of opposite phase
create regions of vanishing amplitude. A characteristic in-
terference fringe pattern results from this process.

V1. Source Radiation in the Presence
of Supersonic Streams

We now consider, as a first example, a configuration of the
type sketched on Fig. la with Mach numbers M, =1.5 and
M, =0. Four different regions may be distinguished on Figs.
7a and b and the structure of the wavefield is sketched on Fig.
Tc.

In region A, bounded by the characteristic C, originating
at the source and the characteristic C_ reflected by the shear
layer, the field is essentially formed by the direct wave
radiated by the source in the supersonic stream. A diffracted
wave resulting from the upstream propagation of the trans-
mitted wave also arises in region A but its amplitude is small.
As a consequence, the field structure in region A greatly
resembles that described in Sec. V.

In region B, bounded by the reflected characteristic C_ and
the shear layer, the direct wave combines with the wave
reflected by the source image and an interference pattern is
formed.

In region C (medium 2) the wavefronts appear strongly
distorted (Fig. 7a). Quasiplane downstream, they become
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nearly cylindrical upstream, and their shape may be explained
by geometrical arguments similar to those used in Sec. IV.
The field reaches its maximum at an angle of about
cos ~!(1/1+M,)=66 deg with the interface. Its amplitude is
very weak upstream and, as a consequence, the diffracted
wave that arises in region D (above the interface and upstream
of C,)is also weak.

Finally let us consider the same configuration but in the
case where both streams are supersonic M; =2, M,=1.2
(Figs. 8a, b, and c). Three main regions are now apparent. In
region A, bounded by the characteristic C, (1) and the
reflected characteristic C_(1), only the direct wave
propagates and the field has the structure described in Sec. V.
In region B, defined by the reflected characteristic C_ (1) and
the shear layer, the direct and reflected waves interfere
producing fringes. A transmitted wave is formed in region C
between the characteristic C, (2) and the shear layer. Up-
stream of C, (1) and C (2) the field vanishes.

VII. Discussion

The problems treated in this paper clearly show that direct
Fourier synthesis constitutes a suitable and powerful tool for
analyzing source radiation in the presence of flow. Many
other cases may be dealt with by the same technique. It is, for
instance, possible to study with only little effort source
radiation in multiple jets and ‘“inverted’’ configurations. The
results obtained in Sec. VI also may be useful to the
description of sound radiation by an oscillating shock im-
pinging on a shear discontinuity.
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